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In this work, we provide values for the quadrupole moment ®, the hexadecapole moment @, the dipole
polarizability o, the quadrupole polarizability C, the dipole-octopole polarizability E, the second
dipole hyperpolarizability vy, and the dipole-dipole-quadrupole hyperpolarizability B for the hydro-
gen molecule in the ground singlet state, evaluated by finite-field configuration interaction singles and
doubles (CISD) and coupled-cluster singles and doubles (CCSD) methods for 26 different H-H sepa-
rations r, ranging from 0.567 a.u. to 10.0 a.u. Results obtained with various large correlation-consistent
basis sets are compared at the vibrationally averaged bond length ry in the ground state. Results over
the full range of r values are presented at the CISD/d-aug-cc-pV6Z level for all of the independent com-
ponents of the property tensors. In general, our values agree well with previous ab initio results of high
accuracy for the ranges of H-H distances that have been treated in common. To our knowledge, for H,
inthe ground state, our results are the first to be reported in the literature for ® forr > 7.0 a.u., y and B for
r> 6.0 a.u., and C and E for any H-H separation outside a narrow range around the potential mini-
mum. Quantum Monte Carlo values of ® have been given previously for H-H distances out to 10.0
a.u., but the statistical error is relatively large for r > 7.0 a.u. At the larger r values in this work, oy
and a,, show the expected functional forms, to leading order in r~!. As r increases further, ® and ®
vanish, while a, v, and the components of B converge to twice the isolated-atom values. Components
of C and E diverge as r increases. Vibrationally averaged values of the properties are reported for
all of the bound states (vibrational quantum numbers v = 0-14) with rotational quantum numbers
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. INTRODUCTION

We have investigated the variation of the static electric
properties of the hydrogen molecule with the H-H distance
r in the ground singlet state, using finite-field configuration
interaction singles and doubles (CISD) methods and large
correlation consistent basis sets.!~> In this work, we provide
values of each of the independent tensor components of the
quadrupole moment @, the hexadecapole moment @, the dipole
polarizability o, the quadrupole polarizability C, the dipole-
octopole polarizability E, the second hyperpolarizability y, and
the dipole-dipole-quadrupole polarizability B.*-% Bishop and
Lam’ have noted the need for values of electronic properties
over a wide range of r values, for vibrational averaging. For 0O,
®, C, E, v, and B, our results accordingly cover a wider range
of r than in previous studies.

We use the earlier, highly accurate values for ®, @, and o
to test the methodology. We then provide the first results for
the dependence of C and E on the H-H distance away from
equilibrium. We give values for the independent components
of v and B, obtained with basis sets that are flexible in repre-
senting the field-induced distortions of the electronic charge
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distribution both parallel and perpendicular to the internuclear
axis. These are the first values of y and B in the range 6.0 a.u.
<r<10.0a.u.

Accurate results over a wide range of H-H distances
are especially useful in high-temperature applications, where
vibrational transition matrix elements with large quantum
numbers are needed.® The results permit a test of ab initio cal-
culations of pair properties that are used to derive line shapes
for collision-induced absorption and light scattering,”'! by
determining whether the ab initio results converge to the
known long-range forms. Pair properties have been modeled
or calculated ab initio and used to predict collision-induced
line shapes for H; interacting with H»,'222 with H,2>** with
He,~33 and with other inert gas atoms.3¢*>

We investigate the long-range limiting values of the elec-
tric moments and susceptibilities. At long range, the distance-
dependence of axx and a,; is known through order R~%, based
on classical induction and dispersion mechanisms;**® the
leading term in the quadrupole**—? and hexadecapole®” results
from van der Waals dispersion and varies as r ™.

Early theoretical’>—® and experimental’®~% studies of the
quadrupole moment of H, have been reviewed by Stogryn and
Stogryn.®” Experimental values for the H, quadrupole have
been obtained from collision-induced absorption of infrared
radiation,®! second virial coefficients,®* and fits to cross

Published by AIP Publishing.
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sections for rotational excitation of H, by electrons.%> Val-
ues of the spin-lattice relaxation time T; for gas mixtures
containing orthohydrogen have been used to estimate the H;
quadrupole®® because T; is sensitive to the anisotropy of the
potential.®® The quadrupole of H, has also been obtained from
the temperature-dependent term in the field-gradient induced
birefringence of H, gas,%®7! together with the polarizability
anisotropy at optical frequencies. Additionally, the electronic
contribution to the quadrupole has been derived from exper-
imental values of the diamagnetic anisotropy and the high-
frequency contribution to the diamagnetic susceptibility.5%-¢!
Zero-phonon transitions with AJ = 2 have provided informa-
tion on @ for hydrogen in the solid state.”> Approximate values
for the hexadecapole have been derived from the intensities of
rotational transitions with AJ > 4 observed in collision-induced
infrared absorption.”3-8!

Theoretical calculations, including the work of Kotos and
Wolniewicz>*>382 and Karl, Poll, and Wolniewicz5® with a
highly accurate, 54-term explicitly correlated wave function,
have provided values of ® near equilibrium,”!#3-? incorpo-
rating nonadiabatic effects.”® Ab initio results have also been
provided away from equilibrium (in Refs. 55, 71, 84-86,
91, 92, and 94), extending accurately to r = 7.0 a.u.9? The
hexadecapole ® has been calculated accurately near equilib-
rium®+9%92 and out to r = 6.0 a.u.%? or 7.0 a.u.®* Rovibrational
averages of ® and @ have been reported for H,5%0°496 and its
isotopomers,””® in various vibrational levels. The coefficient
Mg of R in the dispersion quadrupole has been evaluated by
Fowler.”> Values of © for H, in electronically excited states
have been obtained out to r = 25 a.u.”

The trace of the static polarizability is known experi-
mentally from the measurements of the dielectric constant of
the gas.!”” Experimental values are more commonly avail-
able for the frequency-dependent polarizability. From mea-
surements of the refractive index,'%° Victor and Dalgarno101
have obtained the thermally averaged polarizabilities of Hj
at multiple wavelengths in the range from 185.46 nm to
632.8 nm.

Depolarization ratios for light scattered by gas-phase
samples depend on both the trace and the anisotropy of the
polarizability. Bridge and Buckingham'9%19 have determined
the frequency-dependent polarizability anisotropy o,(w)
— oxx(w) from the Rayleigh depolarization ratio, and James
and co-workers!* have used the depolarization ratios of the
Q1 (J) branches of the spectra (with J = 1, 2, and 3) to derive
O,(®) — axx(w) as well. The first derivative!?>19 and sec-
ond derivative'% of the polarizability anisotropy with respect
to the bond length (at equilibrium) have been obtained from
vibrational Raman band intensity measurements.

Nelissen, Reuss, and Dymanus have determined the ratio
between the polarizability anisotropy and the trace of the
polarizability,'?” by investigating the force-balance conditions
for beams of orthohydrogen passing through inhomogeneous
electric and magnetic fields. Additional information on this
method is provided in the supplementary material. Nelissen
etal. have alsoreviewed earlier experimental determinations of
the polarizability and its anisotropy.'?”” MacAdam and Ramsey
derived the polarizability anisotropy from measurements of the
quadratic Stark shifts in molecular-beam magnetic resonance
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transitions.'%® Shelton'?® determined the ratios of the Raman
intensities and transition polarizabilities experimentally for
the first and second Raman overtones, relative to the funda-
mental transition. The ratios are sensitive to the polarizability
anisotropy. The polarizability ratio subsequently calculated by
Bishop and Pipin''” for the first overtone at A=4581 A is within
Shelton’s experimental bounds.

Numerous ab initio results are available for the static
polarizability o from Refs. 86, 88, 89, 95, and 111-146,
including full Cl-level results at the equilibrium internu-
clear separation® and out to r = 6.0 a.u.% Polarizability
values are also available from calculations with a general-
ized James-Coolidge function '’ or explicitly correlated Gaus-
sian geminals,90 quantum Monte Carlo calculations,'® and
explicitly time-dependent CI calculations of the frequency-
dependent polarizabilities.'* Polarizabilities at imaginary fre-
quencies have been evaluated'?>!3® in order to compute dis-
persion energy coefficients. Recently, Raj, Hamaguchi, and
Witek have undertaken a detailed computational study of both
the static polarizability and the frequency-dependent polar-
izability of H, as a function of the H-H distance, using an
aug-mcc-pV6Z basis to which they added five sets of bond
functions.'#® Nonadiabatic corrections to o have been deter-
mined; 21147 the work of Rajetal 146 includes adiabatic, rela-
tivistic, and radiative corrections obtained by Wolniewicz.'4’
The polarizabilities of low-lying excited states have also been
evaluated.!#8-150

Experimental values of the vy hyperpolarizability are
frequency-dependent because they have been derived
from studies of degenerate four-wave mixing,'>'~153 self-
focusing,'3! electric-field induced second harmonic genera-
tion,">*15% and third harmonic generation.!®*-19> Measure-
ments of the DC Kerr constant, which characterizes bire-
fringence in an applied electric field, yield the polarizability
anisotropy and the frequency-dependent y hyperpolarizabil-
ity.193-169 The optical Kerr effect!’” and intensity-dependent
refractive index'®! also depend on y as a function of fre-
quency. Calculations of the y hyperpolarizability in Refs. 7,
86, 88, 89, 118, 123, 125-129, 133, 134, 138, 163, 171, and
172 include full CI studies for H-H distances as large as
r = 6.0 a.u.% Work with James-Coolidge functions extends
out to r = 2.4 a.u. in one case'> and r = 4.0 a.u. in the second
case.!2°

The higher-order susceptibilities B, C, and E have not
been studied as extensively as o and y. The tensor B(—w;
, 0) determines the temperature-independent contribution to
field-gradient induced birefringence,%%~71!73 which has been
measured for hydrogen molecules in the gas phase.”®!%3 In
combination with the imaginary-frequency polarizability, the
B tensor at imaginary frequencies yields the van der Waals
dispersion contribution to the dipole moment for H,—H; pairs
in noncentrosymmetric configurations and for H,—H, H,—He,
and Hj-inert gas pairs.> 18081174182 Good approximations to
dispersion dipoles have been obtained from the static polariz-
ability, static B tensor, and dispersion energy coefficients.3%-8!
The B and E tensors contribute to the spherical tensor coeffi-
cients for collision-induced absorption and collision-induced
light scattering by H, molecules interacting at long range
(see Sec. IV). Quadrupole-induced-quadrupole interactions
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depend on the C tensor; they affect intermediate-range ener-
gies of Hy—H; pairs and contribute to the total energy of
solid H,.”?

Berns and Wormer®® have calculated the independent
components of B out to r = 6.0 a.u. The tensors B, C, and
E are all known at equilibrium; see Refs. 7, 85, 87-89, 117,
128, 129, 135, 136, and 171 for C, Refs. 85, 88, 117, and 135
for E, and Refs. 7, 86, 88, 128, 129, 171, and 179 for B. Self-
consistent field values of B, C, and E are available for r values
quite close to equilibrium.®® Although it has been reported that
C has been calculated with a James-Coolidge wave function
for values of r from 0.4 a.u. to 3.0 a.u., only the values for
r = 1.4 a.u. have been tabulated earlier.'*

The current work also includes the results for the matrix
elements of the moments and susceptibilities in rovibrational
states with quantum numbers v = 0-14 and J = 0-3, for the
first time covering the full range of v values.'®® Raj et al.
have recently determined the matrix elements for a wider
range of J values, J = 0-15, but a narrower range of vibra-
tional quantum numbers, v = 0—4, based on their ab initio
results. 40

Collision-induced dipoles Aw of H,—H, Hp-He, and
H,—H, are needed in astrophysical studies of the radiative
profiles of cool white dwarf stars at temperatures up to
7500 K.3134-188 At these temperatures, induced-dipole tran-
sition matrix elements to high-lying vibrational states (with v
up to 8) come into play. Our results for the ry_y dependence
of the H, property tensors, with H, substantially stretched or
compressed from its equilibrium bond length, will be used to
test the accuracy of ab initio results for Ap at larger Hy-X
distances (see, e.g., Ref. 25).

Il. METHODOLOGY

The Hamiltonian for a molecule in a static field F, field
gradient F’, and higher gradients F’” and F’” is given in terms
of the dipole, quadrupole, octopole, and hexadecapole moment
operators fi, ®, Q, and ®, respectively, by*°

A = Ho - laFa = (1/3)0cpFg = (1/15)QupyFip,

~ (1/105)DapyeFlpy =+ - )

where H is the Hamiltonian of the unperturbed molecule. The
Greek subscripts run over the Cartesian coordinates; the Ein-
stein convention of summation over repeated Greek subscripts

is followed here and below. The operators are*°
fla = D G Tios )
Oup = (1/2) Zi qi(3rmrip, - 6a5ri2), 3)
Qupy =(1/2) Z Gi [5ria Iig iy — (%5 Tiy + daylip + 5[5yria) I 2],
“

Doy = (1/8) Zi q; [35Tiq Tip Tiy Tis — 5 (dap Tiy Tis + Oay Tip Tid
+ 043 Iig Iiy + 6[—3\( Tjo Tiy + 656 Tig Tiy + 6«{5 Tiq riﬁ)riQ
+ (6aﬁ 6Y5 + 60“{ 6[35 + 6a§ 65\{)1’14] , (5)

where the sum runs over all of the electrons and nuclei (4
total in this case) with charges q; and positions rj. With the
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Hamiltonian in Eq. (1) and with the center of nuclear charge
taken as the origin, the energy of the hydrogen molecule is
given by*°

E = Eo — (1/3)@0p Fljg = (1/105)@qpys FLfr
— (1/2)tap Fa F = (1/6)Capy0 Fipg Flo
—_ (I/IS)Eu,ﬁYE) FaFé,Yé - (1/6)Ba,|3,\{5 F, FB F:{é
_ (1/24)Yuﬁyé F, FB FY Fsg—--- (©6)

in terms of the permanent quadrupole moment O, the per-
manent hexadecapole moment @, the dipole polarizability a,
the quadrupole polarizability C, the dipole-octopole polariz-
ability E, the dipole-dipole-quadrupole hyperpolarizability B,
and the second dipole hyperpolarizability y.*® For species
that lack a center of symmetry, other terms appear in the series
expansion to the same orders as in Eq. (6), including the per-
manent dipole moment p, the permanent octopole moment €,
the dipole-quadrupole polarizability A, the first dipole hyper-
polarizability 3, and a dipole-quadrupole-quadrupole polariz-
ability Q.*° Only the first nonvanishing moment of a molecule
is origin independent;* so, for example, terms containing
Q and A will also appear in the energy of an HD, HT, or
DT molecule, if the center of mass rather than the center
of nuclear charge is taken as the origin. In addition, these
molecules have small dipole moments and higher-order odd
moments due to the breakdown of the Born-Oppenheimer
approximation. '8

From Eq. (6), the moments and susceptibilities of
the hydrogen molecule can be obtained as the formal
derivatives

@up = —3(AE/OF,,), )
Dypys = —105(OB/IF ) (8)

top = —(07B/OF,IFg), )
Capys = —3(a2E/aF;ﬁaF;6), (10)
Eopyd = —15(62E/6FGBF[§’Y6), an
Bugys = —3(0°B/OFOF0F,,), (12)

and

Yapyo = —(0*E/OFIFg0F,IFs ), (13)

with the derivatives evaluated at zero field and zero field gra-
dients. If the molecule is oriented along the z axis, then the
permanent quadrupole has a single independent component
0O, with Oxx = Oy, = —(1/2) ©,; the remaining components of
this tensor vanish.*® Similarly, the permanent hexadecapole
has a single independent component ®,,,,; the relationships
of the other nonvanishing components to ®,,,, have been
given by Buckingham®* and by McLean and Yoshimine.> The
polarizability has independent components o.,, and dxx; C has
independent components C; ;,, Cyxxx, and sz,xz;4’5 E has
independent components E, ;,, and Ex xxx 45 B has indepen-
dent components B, ; 7, Bx x zz> Bx.z.xz» and By x xx; and vy has
independent components Y,,.,, Yxxzz» and Yxxxx- > The rela-
tionships of the other non-zero components of these tensors to
the listed components are determined by the molecular sym-
metries and by the properties of the quadrupole and octopole
operators under contraction of two indices. For a, C, E, and
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v, the relationships are given in Refs. 4 and 5; for B, the
corresponding relationships have been derived by Bohr and
Hunt.%°

Equations (9) and (13) are directly useful as is; Egs. (7),
(8), and (10)—(12) are formal equations that do not incor-
porate the requirements that the trace of the field gradient
tensor must vanish and that the result of contracting any two
indices in the higher-order gradient tensors must be zero.*
For example, since Oxx = Opy = —(1/2) O, Oy = 0 for a
# B, and F' 4 = 0, the net energy shift due to an applied field
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gradient is given by AE = —(1/2) ©,, F,,, and thus, dE/dF,,
= —(1/2) ©,, [rather than dE/dF,, = —(1/3) @,,]. To take the
symmetries of F” and higher gradients into account, we have
imposed uniform fields and added perturbing potentials [z2
-(12) %%+ yz)], [x2 - (1/2) (y2 + 23], xz, [22 - 32) z
X% + vy, [x} = (3/2) x (y? + 2%)], and [z* + (3/8) (x* + y*)
+ (3/4) x?y? — 3z% (x> + y?)], multiplied by parameters f, g,
and h. Then we have evaluated the derivatives of the energy
E with respect to these parameters, using the finite-difference
approximations,

OE/of = 1/(f)[E(f)) — E(-f1)] - 1/2f)[E(f2) — E(-f2)], (14)

O*E/Of = 2/ (1) [E(f)) + E(~f) — 2E(0)] - 1/(£27) [E(f) + E(~f2) — 2E(0)], (15)

0’E/ofog = 1/(2f) g)) [E(f1.g,) + E(-f1,—g,) —E(fi,—g,) —E(-f1,g)]
- 1/(4f2g,) [E(f2, g,) + E(—f2,-g,) — E(f2,-g,) — E(-f2,8,)]. (16)

O’Elof*0g = 1/(f1°g, )[E(f1,g,) + E(~f1,2,) — B(~f1,—g;) — E(f1,—g,) + 2E(0, —g;) - 2E(0, g))]

—1/(26°%, ) [E(f2.2y) + E(~f2. 8y) — E(~f2.~g,) — E(f2, g,) + 2E(0, - g)) ~2E(0, ), (17)

A°E/ofdgoh = 1/(4f; g, hy) [E(f1, g;, h1) + E(=f1, — g;,hy) + E(~f1, g, —hy) + E(f1, — g, — hy)
—E(-f1, — g, —hi) —E(-f1,g,,h1) — E(f;, — g, hy) —E(f1, g, -hy)]
—1/(8f2 g, ho) [E(f2, g5, ho) + E(—12, — g5, ho) + E(—12, g, —h2) + E(f2, —g5, —h2)
—E(-f2,-gy, ~h2) — E(-f2, g5, o) — E(f2, —g;, o) — E(f2, g5, —2) |, (18)

I*Bloft = 2/(f14) [E(2f)) + E(=2f}) — 4E(f;) — 4E(~f;) + 6E(0)]

- 1/(f24) [E(2f,) + E(—2f;) — 4E(f2) — 4E(—f,) + 6E(0)], (19)

where f; = 22 |, g5 = 22 g1, and hy = 212 hy. To compute Vxx,, (f = Fx, g = F,), we have used

0'El0f0g” = 8/(f1%g,*) [E(f1.g;) — E(f1,0) — E(0,g,) + E(0,0)]
—4/(f1%g,%) [E(f2, g,) — E(f2,0) — E(0,g,) + E(0,0)]. (20)

The result in Eq. (20) has been simplified by the use of sym-
metry; the energy is identical in the field F and the field —F.
The errors in these equations are of order f™ g" hP, with m
+ n + p = 4. The errors are essentially negligible if f, g, and
h are sufficiently small. At the same time, these parameters
must be sufficiently large to give results that are numerically
significant, yet not so large that convergence issues arise. After
numerical experimentation, we have chosen a dipole field
intensity of 1073 a.u. for a and E, quadrupolar perturbations
of 10™* a.u. for ® and C, octopolar perturbations of 107> a.u.
for E, and hexadecapolar perturbations of 107® a.u. for ®.
To compute the hyperpolarizabilities B and vy, we have used
larger dipole and quadrupole field intensities, 3 - 1073 a.u. and
3.107* a.u., respectively. All of these values correspond to f;,

g1, or hy. The total number of individual energy calculations
was limited to 22 for each H-H separation, due to the high
symmetry.

For the equilibrium bond length r. and the averaged bond
length 1 in the ground vibrational state, we have calculated
the energy of the perturbed system using the configuration
interaction singles and doubles (CISD, which is full configura-
tion interaction for Hy) method. The reference wave function
was obtained at the restricted Hartree-Fock (RHF) level. To
assess the effect of the basis set quality on the different electric
properties, we have used various correlation-consistent basis
sets: cc-pVSZ (=5Z), aug-cc-pVSZ (=AS5Z), aug-cc-pVoZ
(=A6Z), d-aug-cc-pVQZ (=D4Z), d-aug-cc-pV5Z (=D57),
d-aug-cc-pV6Z (=D6Z), and t-aug-cc-pV6Z (=T6Z).' Atry,
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each of the tensor components was evaluated with all seven
basis sets. The D6Z and T6Z values for the properties are con-
verged to within 1% (see Sec. III). We have used the D6Z basis
set for the construction of the full energy and property curves
because we encountered linear dependence in the T6Z basis
at the shorter H-H distances. As an additional check on the
D6Z results, we have computed all of the properties for 17
values of the H-H distance between 1.787 a.u. and 7.000 a.u.
at the CISD level, using the d-aug-cc-pV6Z basis augmented
by the inclusion of 6s 6p 6d 3f 1g 1h mid-bond functions. %191
The results are listed in Tables S1 and S2 of the supplementary
material. Typically, the D6Z results with and without mid-bond
functions differ by less than 0.5%, although in a few isolated
cases, differences of ~1% are found. The Molpro 2015.1 suite
of codes was used throughout this study.'®> No symmetry
constraints were imposed on the wave function. The integral
accuracy and the energy convergence thresholds were set to
10712 a.u.

James-Coolidge functions with explicit correlation have
been used in earlier calculations of electrical properties (see
Refs. 120, 125, 126, 128, 129, and 171). The choice of basis is
important (see, e.g., Ref. 138). The behavior of the correlation
consistent basis sets'~ has been examined earlier in calcula-
tions of the polarizability a’!14? and the quadrupole moment
0,71 but not for the other properties. Both a and y have
been calculated previously with sum-over-states expressions,
primarily due to the interest in frequency-dependent suscepti-
bilities, which are given by sum-over-states expressions with
frequency-dependent denominators (see, e.g., Refs. 114, 117,
118, 122, and 125).

lll. NUMERICAL RESULTS FOR THE H ATOM
AND FOR H, NEAR THE EQUILIBRIUM
BOND LENGTH

We have examined the influence of the basis set on the
accuracy of the electrical properties of the hydrogen atom and
of the hydrogen molecule near the equilibrium bond length.
Exact, analytical results for the energy and the non-zero,
symmetry-unique components of the electrical properties a,
C, B, and v of the H atom are listed in Table I, along with
the values obtained with seven basis sets. The 5Z basis is
the smallest; its energy is too high by 5.46 upH, and this
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basis fails to reproduce any of the properties well. Adding
diffuse functions to form the AS5Z basis reduces the error in
the energy only slightly (to 5.22 pH). While the A5Z basis
gives a = 4.4929 a.u., close to the exact value a = 9/2 a.u.,
the remaining properties still do not agree well with the exact
values. Increasing the cardinal number of the basis set to A6Z
improves the values of the other susceptibilities, but Table I
shows that a second series of diffuse functions is needed in
order to obtain accurate results. The susceptibilities from the
DA4Z basis are already in very good agreement with the exact
results, even though the energy values are not as good. The
D6Z value of the energy is identical to the T6Z value (with a
third series of diffuse functions added), to the number of digits
shown; the remaining error in the energy is 0.72 yH. The D6Z
properties come within 0.1% of the T6Z results. Overall, the
D6Z values are accurate to within 1%; vy is the most difficult
quantity to calculate accurately in standard basis sets for the
H atom.

Values are listed in Table S3 for the energy of the Hj
molecule at ry = 1.449 a.u., the vibrationally averaged H-H
distance in the ground rotational and vibrational state, and
at r. = 1.400 a.u., the equilibrium bond length. The differ-
ence in the energies obtained with the D6Z and T6Z basis sets
at ro is only 0.12 uH. At r., the results from the D6Z basis
are 161 uH below the extrapolation to the complete basis set
limit from one set of CISD calculations,’' but 114 uH above
the energy from valence bond calculations with explicitly
correlated Gaussians.”

Values of the moments, static polarizabilities a, E, and
C, and static hyperpolarizabilities B and y obtained with the
various basis sets are listed in Table II at ry, along with D6Z
results at r.. In Table II, we also compare our values with
accurate calculated values from the literature and with experi-
mental results for the vibrationally averaged properties, where
available.

The multipole moments ® and @ are rather insensitive
to variation in the basis set (from 5Z to T6Z). The calculated
quadrupole O at ry is 0.480 a.u. to within ~1% in all of the
basis sets used in this work, and the hexadecapole O at ry is
0.315 a.u. to within ~4%. Both moments are slightly smaller
at r.. Our CISD/D6Z value of @ differs by only 0.006% from
the value found by Buckingham, Coriani, and Rizzo’! and our
value of @ differs by 0.11% from the value given by Komasa
and Thakkar.”

TABLE I. Energies, polarizabilities, and hyperpolarizabilities of the H atom at the RHF level of theory obtained with a variety of basis sets. Values are

in a.u.

Quantity 57 ASZ A6Z D4z D5z D6Z T6Z Accurate®
-Eo 0.499 994 54 0.499994 78 0.499 999 28 0.499948 42 0.499 994 80 0.499999 28 0.499999 28 0.500 000 00
ab 3.2226 44929 4.4928 4.5003 44932 44928 44931 4.5000
ce 0.8214 39771 4.4870 49346 49703 49813 49858 5.0000
Bd -18.86 -90.38 -98.25 -106.29 -106.82 -106.86 -106.87 -106.50
ve 39 1056 1190 1315 1336 1342 1341 1333

#Reference 194. The exact values for the listed properties are Eg = —1/2, a =9/2, C =5, B =-213/2, and y = 10 665/8.

by — —
O = Oxx = Ozz.

‘C= Cxx,xx = CZZ,ZZ =4/3 sz.xz-
dB = Bx,x,xx = BL.Z,ZZ =-2 Bx,x,u =4/3 BX.L,XL'

ey — - -
Y = Yxxxx = Yzzzz = 3 Vxxzz-
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TABLE II. CISD multipole moments, polarizabilities, and hyperpolarizabilities of H, at the vibrationally averaged bond length ry and the equilibrium bond
length re for Hp, obtained with a variety of basis sets. Lit. (r) lists values at the vibrationally averaged bond length in the ground rovibrational state, and

Lit. (re) lists values at equilibrium. Values are in a.u.

Quantity 572 A5Z? A6Z? D4Z? D572 D6Z?2 T6Z? Lit. (rp) D6ZP Lit. (re) Expt.
e} 0.4776 0.4824 0.4824 0.4825 0.4822 0.4823 0.4823 0.4563 0.45633¢  0.460(21)¢
0.4552¢ 0.4853f
@ 0.3048 0.3179 0.3169 0.3168 03119 0.3139 0.3138 0.2769 0.27728
Oxx 3.9321 47293 4.7289 4.7346 4.7291 4.7309 47319 47400 4.5738 4.53(7) 4.82
4.57%
4.774!
dzz 6.7340 6.7186 6.7177 6.7240 6.7192 6.7178 6.7179 6.723h 6.3892 6.42(8)! 6.94)
6.803!
Ex.xxx -1.6848  -1.7827  -1.7529  -1.8048  -1.7817  -1.7743  -1.7728  -1.774™  —1.5868
EL1 4.4353 4.4440 4.4666 4.4833 4.4965 4.4801 4.4797 4.442m 3.9605
Crxxx 2.1548 4.8344 5.0596 5.1629 5.1855 5.1990 5.2004 5.20m 4.9285 4.93(24)i
Corzz 4.6091 6.3633 6.3851 6.3887 6.3925 6.3966 6.3984 6.39™ 5.9908 6.10(35)!
Cxzxz 3.2366 4.4484 4.4470 4.4634 4.4467 4.4474 4.4473 4.44m 4.1847 4.30(36)!
By .x.xx -21.16 -66.81 —-69.79 -71.21 -71.51 —71.48 —71.49 —-67.02 —66.83"
Bl -76.67 -97.63 -97.88 —98.55 -98.21 —98.07 —98.07 -90.70 -90.29"
Byxzz 14.16 36.64 37.19 36.42 36.82 36.82 36.79 34.46 34.37"
Bx.zxz -35.19 -63.93 -63.71 —63.95 —63.67 -63.57 -63.55 -59.17 -59.00"
Vxxxx 50 565 606 621 641 629 630 610° 584 579.5"
564°
Y222 473 744 747 752 748 749 746 745° 688 682.5"
683°
Yxxzz 69 236 235 233 238 232 234 219° 214 211.9"
200°

4This work, r =r1g.

5This work, r = Te.

“Reference 71: CCSD/t-aug-cc-pVQZ.

dReference 84: Derived from previous experimental data.

®Reference 91: CISD/CBS.

fReference 197: Magnetic anisotropy experiments (v = 0/J = 1).

&Reference 90: Valence bond calculations with explicitly correlated Gaussian functions.
hReference 126: Sum-over-states method using James-Coolidge type functions.
iReference 136: Quantum Monte Carlo.

iReference 103: Light scattering (6328 A wavelength).

kReference 140: CCSD/ASZ.

IReference 101: Sum-over-states method.

MReference 135: Sum-over-states method using James-Coolidge type functions.
"Reference 129: Sum-over-states method using James-Coolidge type functions.
OReference 125: Sum-over-states method using James-Coolidge type functions.

For the dipole polarizability, the CISD values obtained
with the D6Z basis agree within 0.20% with the highly accu-
rate theoretical values obtained by Bishop and Lam, oy
= 4.740 a.u. and a,, = 6.723 a.u.'?® The isotropically aver-
aged, static polarizability in the D6Z basis (0 = 5.393 a.u.) is
0.81% smaller than the experimental value from the work of
Victor and Dalgarno.'?!

The E tensor components can be estimated fairly well,
even with the 5Z basis. The full range of variation of the
CISD results for the six basis sets (from 5Z to T6Z) is ~6.5%
for Exxxx and ~1.3% for E, ;;,. Our CISD values with the
D6Z basis set come within 1% of the accurate sum-over-states
results of Bishop and Pipin,'?> Ey xxx = —1.774 a.u. and E, 4,
=4.442 a.u.

By contrast, the 5Z basis is inadequate to obtain the C
tensor components. Values obtained with larger basis sets vary
from the CISD/5Z results by 25% or more, while results from
the augmented and doubly augmented basis sets differ com-
paratively little from each other, as shown in Table II. Our
CISD/D6Z results for Cyy xx are in excellent agreement with

the literature values at r. and ro: We find Cyx xx =4.93 a.u. atre
compared with 4.93 + 0.24 a.u. (from Ref. 136) and Cyx xx
= 5.20 a.u., identical to 5.20 at ry (from Ref. 135). The
CISD/D6Z values of C,,, and Cy,x, at 1. are within the
estimated uncertainties of the values given in Ref. 136.
At 19, they differ by only 0.01 a.u. from the values in
Ref. 135.

For the hyperpolarizabilities B and vy, Table II shows that
the 5Z basis is again inadequate in all cases. The components
of B increase dramatically in absolute value when the first
series of diffuse Gaussians is added. The differences between
the values of B, ;;, Bx x zz, and By ; x, obtained with the A5Z
basis and the T6Z basis are all less than 0.6%; by contrast,
this difference is ~6.5% for By x xx. Our CISD/D6Z results
for all of the B tensor components at r. differ by less than
0.5% from the sum-over-states values of Bishop, Pipin, and
Cybulski.!?

The CISD/D6Z values for the y hyperpolarizability are
in reasonably good agreement with the values obtained by
Bishop and Pipin'?® with the sum-over-states method and
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James-Coolidge wave functions: the results for v,,,, differ by
~0.5%, for yxxxx by ~3%, and for yyx,, by ~6%, with our val-
ues higher in each case. We note however that the D6Z and
T6Z values differ from each other by less than 1% and that
the values obtained at r. by Bishop, Pipin, and Cybulski,'?
also using the sum-over-states method with James-Coolidge
wave functions, are larger than the results in Ref. 125 by 2.7%
for yxxxx and ~6% for yxxzz, showing the same trends as our
results.

From this examination of the results for the moments and
susceptibilities at rp and r., we conclude that at least one series
of diffuse functions in the basis set is needed in order to obtain
reliable values for the electrical moments and susceptibilities.
Our calculations over the full range of H-H separations have
been carried out in the D6Z basis.

IV. DEPENDENCE OF THE MOMENTS AND
SUSCEPTIBILITIES ON THE H-H DISTANCE

At the CISD/D6Z level, we have obtained the values of
the properties at 26 ry_y distances from 0.567 a.u. to 10.0 a.u.
Our results are listed in Table III for the permanent moments
® and @ and for the components of the linear response tensors
Oxxs Ozz5 Bx xxx» Bz,2225 Cxxxx> Caz,22, and Cy x5 Results for the
hyperpolarizabilities By x xxs Bz,2,22, Bx x,220 Bx,z,x25 Yxxxx»> Yzzz25
and Yxxz are listed in Table IV. The results for @, @, o, and
o, are plotted in Fig. 1. Results for Ex xxx, Ez 722, Cxx.xx> Crz.22»
Cxzxz> Bxxxx> Bzzzz- Bxx.zz» and By, x, are plotted in Fig. 2;
results for Yxxxx, Yzzzz» and Yxxzz are plotted in Fig. 3. Addition-
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ally, values of the energy, ®, @, 0, 02z, Ex xxx> Ez.222z> Cxx.xx>
Cyz.22, and Cy; x, obtained with the d-aug-cc-pV6Z basis + 6s
6p 6d 3f 1g 1h mid-bond functions are listed for 17 values of r
between 1.787 a.u. and 7.000 a.u. in Table S1 of the supplemen-
tary material.'”>!°! Results from the d-aug-cc-pV6Z basis +
6s 6p 6d 3f 1g 1h mid-bond functions for By x xx, Bz.2.22, Bx x.zz5
By zxz> Yxxxx»> Yzzzz» and Yxzx, are listed for the same range of r
values in Table S2 of the supplementary material.

To our knowledge, our results for the electrical properties
of H, in the ground state are the first accurate values to be
reported for ® at H-H separations r > 7.0 a.u., @ forr > 7.0
a.u.,yand B forr > 6.0 a.u., and C and E for any H-H distance
outside a narrow range around the potential minimum. We have
also obtained results for a larger number of H-H distances in
most cases.

The values of the quadrupole ® agree well with the
results obtained by Karl, Poll, and Wolniewicz,®> Komasa
and Thakkar,”® the multi-reference configuration interaction
(MRCI) results of Lawson and Harrison,”! and the Monte
Carlo results of Alexander and Coldwell®” over the range of
H-H distances treated in common. Figure 4 shows our values
of ® as a function of the H-H distance, along with values from
Refs. 83,90-92. Atr=1.0 a.u., literature values are ® =0.2571
a.u. from the work of Karl, Poll, and Wolniewicz,%? 0.2566 a.u.
from the work of Poll and Wolniewicz,** and 0.2563 a.u. from
the work of Komasa and Thakkar;® our interpolated value is
0.2571 a.u. Atr=2.0 a.u., our interpolated value of 0.7701 a.u.
again compares well with the literature values 0.7705 a.u.,%’
0.7704 a.u.,’* and 0.7696 a.u.”

TABLE III. CISD/d-aug-cc-pV6Z energies, multipole moments, and linear response tensor elements for Hy with

bond length r (all in a.u.).

T -Eo (C] O] Oxx _Ex,xxx Ez,zzz Cxx,xx sz,zz sz,xz
0.567 0.70176964 0.0895 0.0088 2.2080 2.3922 0.1059 0.2270 1.616 1.683 1.245
0.942 1.10293542 0.2302 0.0628 3.1726 3.8204 0.4519 1.0334 2.788 3.082 2.231
1.111  1.15201022 0.3086 0.1175 3.6682 4.6607 0.7518 1.7767 3.484 3.978 2.847
1.280 1.17122323 0.3934 0.1993 4.1904 5.6272 1.1830 2.8873  4.289 5.076 3.583
1.449 1.17396117 0.4823 0.3139 4.7308 6.7178 1.7738 44792 5.198 6.397 4.447
1.787 1.15598633  0.6624 0.6582 5.8296 9.2305 3.5705 9.6547 7.323 9.824 6.595
2.125 1.12681850 0.8266 1.1649 6.8848 12.0240 6.4333  18.4261 9.798 14473 9.326
2463 1.09696430 0.9507 1.8052 7.8123 14.7563 10.6181 31.6949 12.515 20.520 12.641
2.801 1.07054624 1.0126 24912 8.5376 16.9525 16.3012 49.6049 15.339 28.029 16.496
3.000 1.05726758 1.0138 2.8629 8.8507 17.8049 20.3651 61.9475 16990 33.078 18.987
3.200 1.04574822 09881 3.1752 9.0777 18.2552 249605 75.2263 18.604 38.523 21.634
3400 1.03603104 09375 3.4012 9.2225 18.2882 30.0233 88.9156 20.149 44.213 24.406
3.600 1.02800864 0.8667 3.5251 9.2969 17.9453 35.4949 102.585 21.606 50.011 27.287
3.800 1.02151826 0.7818 3.5424 9.3162 17.3081 41.3097 115927 22971 55.788  30.265
4.000 1.01636418 0.6894 3.4604 9.2971 164789 47.4065 128.798 24.253 61.460 33.331
4250 1.01148447 0.5729 3.2442 9.2420 15.3241 55.3512 144.251 25.766 68.356 37.278
4500 1.00797798 0.4638 2.9414 9.1736 14.1821 63.6006 159.245 27.228 75.084 41.354
5.000 1.00377616 0.2863 2.2364 9.0483 12.2719 80.9358 189.319 30.214 88.532 49.910
5.500 1.00176866 0.1675 1.5788 8.9666 10.9843 99.4477 221.534 33.533 102.832 59.071
6.000 1.00083179 0.0948 1.0612 8.9250 10.1972 119.293 257.258 37.333 118.654 68.916
6.500 1.00039776  0.0527 0.6906 8.9093 9.7360 140.615 296.956 41.646 136.264 79.510
7.000 1.00019575 0.0291 0.4410 8.9076 9.4688 163.511 340.649 46.456 155.701 90.896
7.500 1.00010027 0.0161 0.2799 8.9126 9.3124 188.036 388.210 51.732 176911 103.098
8.000 1.00005394  0.0090 0.1790 8.9201 9.2186 214.217 439.494 57.444 199.820 116.129
9.000 1.00001826 0.0031 0.0789 8.9352 9.1220 271.593 552.820 70.102 250.499 144.701
10.000 1.00000728  0.0012 0.0417 8.9473 9.0770 335.693 680.076 84.325 307.404 176.647
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TABLE IV. CISD/d-aug-cc-pV6Z energies and hyperpolarizability tensor elements for B and vy of H, with bond

length r (all in a.u.).

r —-Eo —Bxx.xx -Bz.2z Bx.x.zz —Bxzxz Yxxxx Y222z Yxxzz

0.567 0.701 769 64 17.29 18.56 8.67 13.43 242 =77 62

0.942 1.10293542 33.84 40.03 17.09 27.69 264 286 94

1.111 1.15201022 44.37 55.10 22.54 37.29 361 402 129
1.280 1.17122323 56.90 74.33 29.08 49.19 481 554 173
1.449 1.173961 17 71.49 98.05 36.82 63.57 628 750 231

1.787 1.155986 33 106.11 159.14 55.75 99.80 1002 1291 385
2.125 1.126 818 50 145.96 233.19 78.76 144.26 1454 2131 590
2.463 1.096 964 30 186.83 303.88 104.28 191.82 1945 3484 843
2.801 1.070 546 24 223.43 345.41 129.78 234.17 2403 5664 1127
3.000 1.057267 58 240.89 346.51 143.42 253.02 2630 7402 1295
3.200 1.045748 22 254.42 327.96 155.17 265.73 2811 9407 1451
3.400 1.036031 04 263.58 292.40 164.26 271.73 2940 11 480 1583
3.600 1.028 008 64 268.45 245.96 170.23 271.43 3017 13 359 1678
3.800 1.02151826 269.50 196.50 172.93 265.99 3048 14792 1730
4.000 1.016364 18 267.52 151.28 172.59 256.97 3042 15 615 1740
4.250 1.011484 47 262.12 108.01 168.68 243.08 3001 15739 1701
4.500 1.007 97798 254.98 82.48 162.17 228.66 2939 15 025 1623
5.000 1.003776 16 240.15 75.76 146.29 203.91 2811 12274 1424
5.500 1.001 768 66 228.33 100.42 131.87 187.16 2715 9332 1246
6.000 1.000 83179 220.43 131.72 121.20 176.95 2657 7028 1117
6.500 1.000397 76 215.65 158.86 114.14 170.97 2627 5442 1031
7.000 1.000 19575 212.98 179.17 109.76 167.48 2616 4415 978
7.500 1.000 100 27 211.63 193.16 107.21 165.41 2615 3771 945
8.000 1.000 053 94 211.06 202.25 105.84 164.13 2618 3375 926
9.000 1.000018 26 211.04 211.18 104.96 162.71 2631 2988 908
10.000 1.000 007 28 211.45 214.10 105.01 162.00 2642 2841 901

Agreement between our values of the hexadecapole ® and
those of Karl, Poll, and Wolniewicz3? is very close over most
of the range of H-H distances covered in Ref. 83; the values
obtained by Karl et al.®3 are somewhat larger than ours at
r=3.0 and 4.0 a.u. and also larger than our interpolated value
at 3.5 a.u., but smaller than our value at 5.0 a.u. To compare
results at shorter H-H separations, at r = 0.8 a.u., our inter-
polated value is @ = 0.0332 a.u., compared with 0.0342 a.u.
from the work of Karl ef al.83 and 0.372 a.u. from the work of
Komasa and Thakkar;*° at r = 2.6 a.u., our interpolated value
is @ = 2.084 a.u., compared with 2.143 a.u.®? and 2.090 a.u.””

0 1 2 3 4 5 6 7 8 9 10
Iy g (bohr)

FIG. 1. CISD/D6Z results vs. the H-H distance for the quadrupole moment
®,, (multiplied by 10), hexadecapole moment ®,,,, (multiplied by 5), and
dipole polarizabilities oxx and 0.

Figure 5 shows our values of @ as a function of the H-H
distance, compared with earlier ab initio results 83902

The polarizability components oxx and o, have been
determined by Rychlewski'?! at 25 H-H distances between
0.6 a.u. and 10.0 a.u., with 80 terms in the unperturbed wave
function and 65 in the first-order perturbed wave function,
using the method of Kotos and Wolniewicz.!!! Our results are
in very close agreement with Rychlewski’s,'>! as shown
in Fig. 6. Deviations between the Mathematica interpola-
tions'?? of our results and Rychlewski’s'?! for ay, range
between 0.013% and 0.156%, with an average absolute dif-
ference of 0.093%. Deviations between the Mathematica

ry_y (bohr)

FIG. 2. CISD/D6Z results vs. the H-H distance for the different components
of the E, C, and B tensors.
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0 1 2 3 4 5 6 7 8 9 10
r'y_gy (bohr)

FIG. 3. CISD/D6Z results vs. the H-H distance for the different components
of the vy tensor.

interpolations!® of our results for a,, and Rychlewski’s!?!

range between —0.243% and 0.124%. The average absolute
value of the percent difference over the range of H-H dis-
tances from 0.6 a.u. to 10.0 a.u. is 0.062%. The polarizability
components dxx and o, have also been determined by Raj,
Hamaguchi, and Witek, ¢ using an aug-mcc-pV6Z basis with
five additional sets of equally spaced bond functions. Their
work focused on the frequency-dependent polarizability, but
in addition, they provided values of the static polarizability
for 61 H-H distances between 0.5 a.u. and 12.0 a.u.'*® Our
results are also in very close agreement with the results of
Raj et al. (see Fig. 6). Deviations between the Mathematica
interpolations ! of our results and the results of Raj er al.'4¢
for axy range between 0.029% and 0.145%, with an average
of 0.071%. For a,,, the deviations range between —0.039%
and 0.054%, with an average absolute difference of 0.022%.
As shown in Fig. 7, our results for the interaction-induced
changes in ayx approach the known long-range form quite
closely as the H-H distance approaches 10 a.u. Our results
for the interaction-induced changes in o, are close to but
slightly above the known long-range form at r = 10.0 a.u.
(see Fig. 7).

Values for the linear response tensors C and E are avail-
able in the literature only for r near equilibrium. Numerical
comparisons have been made above.

1.0 Lo 1
i S © KPW, Ref. 83
0.8 e . KT, Ref. 90 ]
e o o LH-CASSCF, Ref. 91
- 1o o ® LH-MRCI, Ref. 91
5 0.6 I 0% o AC,Ref. 92 8
£ lo o ® This work
® $ .
0.4 3 o* 1
' .3: oe
h o
2, oe
029 | os, g
. i Yo og,
. 1 383“
0.0 42— 12 Maganantanaas
0 1 2 3 4 5 6 7 8 9 10
ry_y (bohr)

FIG. 4. Comparison with literature values of the quadrupole moment of Hj
vs. the H-H distance in a.u. Except for the CASSCF values, the results are in
very good agreement. A number of the points lie directly on top of each other
so that not all points are apparent from the plot.
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FIG. 5. Comparison with literature values of the hexadecapole moment of
H; vs. the H-H distance in a.u. A number of the points lie directly on top of
each other so that not all points are apparent from the plot.

Berns and Wormer®® have evaluated a nonlinear response

function BYI° related to Bopgys by Brzz = PO, Bz

- B()ll Bx,z,xz - (31/2/2) Bll() and Bx,x,xx - (31/2/2) ﬁQll _

211° 211° 211
(172) BS11. They calculated B4 for 34 H-H distances in the

range from 0.2 a.u. to 6.0 a.u. Values of B, ;,, Bx x zz> Bx.zxz>
and By x xx from the current calculation are compared with the
results obtained by Berns and Wormer in Fig. 8. In general,
the results agree very well in the range of r values from ~0.6
a.u. tor ~ 2.5 a.u.; for larger H-H distances, the results begin
to diverge from each other. At r = 6.0 a.u., the differences
between the two sets of results are ~7% for By x xx, Bx.x.zz» and
By .x; and a little over 9% for B, ,,. The absolute values of
our results are always larger than the earlier absolute values.
Berns and Wormer® have calculated the second hyper-
polarizability y out to r = 6.0 a.u. Our results agree well with
theirs over that range for each of the y components, as shown
in Fig. 9. Values for y have also been obtained from 0.4 a.u. to
2.4 a.u. by Jaszuriski and Roos'?? and Bishop and Pipin.'?> At
r= 1.0 a.u., our interpolated values of Y, Yxxxx> and Yxxzz are
322 a.u., 295 a.u., and 105 a.u., respectively, compared with
323 a.u., 287 a.u., and 108 a.u. from Ref. 123, with 314 a.u.,
278 a.u., and 90 a.u. from Ref. 125, and with 324 a.u., 273
a.u., and 102 a.u. from Ref. 86. Atr=2.4 a.u., our interpolated
values of V;,7z, Yxxxx> and Yxxzz are 3179 a.u., 1854 a.u., and
793 a.u., compared with 3183 a.u., 1799 a.u., and 837 a.u. from
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1
181 N o e BW,Ref. 86
164 Y * oo KW,Ref. 111
e % N o e R,Ref. 121
5 144 Lo ., 0 ¢ RHW, Ref. 146 ]
< 124 1 : ° o e This work B
& o
N 104 (Y %, 4
i e Bmos0mmocomes § 8 8 8 6 0
& 8 . T
3 [
o
6 jf XX i
4 Y 4
| ry
e e ]
0 1 2 3 4 5 6 7 8 9 10
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FIG. 6. Comparison with literature values of the dipole polarizabilities o
(open circles) and o, (solid circles) of H vs. the H-H distance in a.u. A
number of the points lie directly on top of each other so that not all points are
apparent from the plot.
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0.5 . . .

Ao, Aa,, (a.u.)

0.0 Aa, k

ry_y (bohr)

FIG. 7. Interaction-induced changes in polarizability Aaxx and Aa,; of Hp
vs. the H-H distance r in a.u. at long range. The lines show the expected long-
range behavior including dipole-induced-dipole (DID) interactions (dashed
lines), which decay as r~3, and DID plus higher order effects decaying as r~°
and r~8 (solid lines). 4048

Ref. 123, with 3137 a.u., 1793 a.u., and 754 a.u. from Ref. 125,
and with 3145 a.u., 1769 a.u., and 764 a.u. from Ref. 86. For
Y222z, We typically find differences of ~0.5% or less compared
with values from Ref. 86 whenr is less than or equal to 3.0 a.u.,
increasing to ~3.3% at r = 6.0 a.u. Discrepancies are some-
what larger in Yxxz; (~1.3% near 1., ~5.3% near 6.0 a.u.) and
in Yxxxx (~4.1% near r., ~7.2% near 6.0 a.u.), as shown in
Fig. 9. In that figure, our results are also compared with val-
ues obtained by Bishop and Pipin.'?> In all cases, our values
of the gamma hyperpolarizability are larger than the earlier
values.

Bishop and Lam'?® have provided values of linear com-
binations of the y tensor elements that are relevant for the Kerr
effect and for electric-field second harmonic generation. In the
static limit, only two of the linear combinations are indepen-
dent,'?% 5o it is not possible to make a direct comparison with
the individual values of Yxxxx, Yzzzz» and Yxxzz- However, we
have used our values of vy to construct the linear combinations
y”Ke“ andy | KerT i the static limit, as functions of r. The results
are compared with the work of Bishop and Lam'?® in Fig. S1
of the supplementary material. For r < 4.0 a.u., the results
agree closely. At r = 4.0 a.u., the values of y;*™ and v Xer
obtained by Bishop and Lam'?® are ~2.4% smaller than our

1
! oo
1 !asun;n.u%.
a Sodtng o .
00 | et Bt
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-
085y | ]
E 100 %, B, soe, _
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FIG. 8. Comparison with literature values of the dipole-dipole-quadrupole
hyperpolarizability (B-tensor) components of H; vs. the H-H distance in a.u.
Solid circles correspond to this work, and open squares correspond to the work
of Berns and Wormer (Ref. 86).
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FIG. 9. Comparison with literature values of the second dipole hyperpolar-
izability (y-tensor) components of H, vs. the H-H distance in a.u.

Kerr

values. From our results, the maxima in both ;X and y , K

occur close tor =4.0 a.u.

V. LONG-RANGE ANALYSIS AND APPLICATIONS

When the two H nuclei are widely separated, the electrical
properties are determined by the properties of individual H
atoms, as modified by classical induction and van der Waals
dispersion interactions. For an isolated H atom, ®, ®, and E
vanish, due to spherical symmetry. With the D6Z basis for the
H atom, we obtained polarizabilities ~0.16% different from
the exact results, oxx = 0, = 9/2 a.u. The B tensor of an atom
in an S state has the form*’

Bagyo = (B/4)[3(8ay dps + 8un Opy) — 204p 8ys |- (21)

For the H atom, B = —213/2 = —106.5 a.u. With the D6Z
basis, we obtained By x xx = Bz, = —106.86 a.u., an error
of ~0.34%. The C tensor of an atom in an S state has the
form*

Capyo = Co[(1/2)(Seey s + Das dpy) = (1/3)4pdys |, (22)

where Cy = 15/2 = 7.5 a.u. for the H atom. With the D6Z
basis, we find that Cyx xx = Czz2; = (4/3) Cxzxz = 4.9813 a.u.
or Co = 7.472 a.u., an error of 0.37%. Note that Cy = (3/2) C
in the notation of Bishop and Pipin.!** The static y hyperpo-
larizability is symmetric in all indices, so for an atom in an S
state,

Yapys = (Y/3) (6043 dys + Ouy Ops + Oas 6[5«/) (23)

and for the H atom, y = 10 665/8 = 1333.125 a.u. Our ab initio
calculations with the D6Z basis give Yxxxx = Yzzzz = 1342 a.u.,
an error of ~0.67%.

From Fig. 1, it is apparent that ® and ® tend to zero as
the H-H distance increases, while oxx and o, both converge
toward twice the H atom polarizability. One-third of the trace
of the polarizability tensor is 8.9905 at r = 10.0 a.u., which
differs from the true long-range limit by 0.106%. At that same
H-H distance, the average of Yxxxx, Yyyyy» and Yz, is 2708 a.u.,
which differs from twice the actual H-atom value of 2666.25
a.u. by ~1.57%. The value of yxx,, at r = 10.0 a.u. differs
from twice the H-atom value by ~1.38%. Atr=10.0 a.u., our
values of By x xx and B, ,, differ from twice the isolated-atom
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values by ~0.73% and ~0.52%, respectively. Similarly, our
results for By x ,, and By ,x, at r = 10.0 a.u. come quite close
to twice the isolated-atom values, with errors of 1.40% and
1.41%, respectively.

The components of C and E diverge in the long-range
limit, as a consequence of the origin-dependence of the

C(Z) —
+(1/3)aly) Y? + (1/3)ay)Z? -

J. Chem. Phys. 149, 234103 (2018)

multipole operators, their expectation values, and the suscepti-
bilities. If the ax1s systems (1) and (2) are related by translation
so that r(z) = ra — Rq, where R, denotes the coordinates (X,
Y, and Z) of the origin of the translated coordinate system (2)
in the original system (1), then the components of the C and E
tensors generally transform as’

Choxx = (/DAK + 2/3ALLY + 2/DARZ + (4/3)af) X
@/3)0y) XY +(2/3)0)YZ — (4/3)al)ZX, (24)

C2y = Chlyy — GIHAN,Z + 2/3)AL),Y + (2/3)AL), X + (4/3)al)) 72

+(1/3)al)Y? + (1/3)al) X2 = (4/3)aly) YZ + 2/3)al )XY — (4/3)aly)XZ, (25)
CO = C — ALLX — 2/3)AL),Z + (3/4)08)X? + (3/4)0)Z? + (3/2)0) XZ, (26)
B = Bt = 3AGGK + 2400 Y + 2403, Z + o [3X? - (3/2)Y? - 3/2)27]

-3ayXY - 3a{)XZ,

27

ED),, =B, —3A), Z+2A0) Y +2A0) X +al) [322 -3/2X2-@3 /2)Y2] - 30l YZ

-3al) x7,

where A, gy denotes the dipole-quadrupole polarizability. The
two hydrogen nuclei are located at (0, 0, —1/2) and (0, 0, r/2).
At very large separations, in the reference frames of the indi-
vidual hydrogen nuclei, the C tensor of each is given by Eq.
(22), the polarizabilities are isotropic, and both the E and A
tensors vanish. Converting the tensor values for each H atom
separately to the center of mass as the origin, we obtain the
expected long-range behavior of the tensors for the H-H pair
(in a.u.),

Crxxx = 2CH G + (1/6)a? = 10+ B/, (29)

Croze — 2CH,, ., + (2/3)ocH 2 =10+ 312, (30)
Crzxz = 2CH, o + 3/8)aM'r? = 1512 + (27/16)1%, (31)
Eox — —(3/4)al? = — (27/8)r, (32)
E, .. — (3/2)al'r? = (27/4)2. (33)
400 T
3504 /,’/
3004 i’:’i
3 250
8200— ‘/(/ '/,/’
150 1 IO e
1004 ’//’/'," —.—"xx,xx
50 ::_**"’—'/
5 é & é é 1'0 lll 12
Iy g (bohr)

FIG. 10. Calculated Cxx xx, Czz.22, and Cy; x, values compared to the long-
range predictions (dashed lines).

(28)

In Fig. 10, the ab initio values of Cxx xx, Czz.22, and Cy, x, are
compared with the long-range forms in Eqgs. (29)—(31), for r
from 7.0 to 10.0 a.u. It is evident that the C tensor has taken
on its long-range limiting form at these H-H distances. In
Fig. 11, E, z;; is compared with its long-range limiting form
from Eq. (33) and also with (—2) Ex xxx. Again, the predictions
of the long-range model are excellent, for r from 7.0 to 10.0
a.u.

In order to evaluate the rovibrational matrix elements of
the electrical moments and susceptibilities of Hy, we have
solved the rovibrational Schrodinger equation for all of the
bound vibrational levels of H, (v = 0-14) by the Numerov-
Cooley method,'®>!% with rotational quantum numbers
J = 0-3. The grid for the numerical work consisted of 10 000
points between r = 0.58 a.u. and r = 9.8 a.u., to obtain the
bound ¥y j(r) wave functions. Then we obtained the rovibra-
tional average of each property P in state (v, J) as the matrix

700 e e
600 L7
-~ 3’
E e
& 500 -
= .’ 7
400 - o P _ZEx,xxx
. E
o - 7,222
300. -
7 8 9 10
ry_y (bohr)

FIG. 11. Calculated Ey xxx and E;;;; values compared to the long-range
predictions (dashed line).
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element (), 3(r) |P(r)| %u.1(r)). In Table V, we list our results
for the expectation values of ®, @, a4, and o, in vibrational
states v from O to 5, for J = 0. The full numerical results for
v = 0-14 and J = 0-3 are given in the supplementary mate-
rial. Generally, the results compare well with the expectation
values in the literature. The expectation value (}oo(r) |O(1)|
%0.0(r)) = 0.4828 a.u. that we obtained for the quadrupole in
the ground vibrational state is within the range of the previous
theoretical values, from 0.482 58 to 0.4842(4) a.u. (see refer-
ences in the footnotes of Table V), but it is slightly smaller than
average. The same trend is observed for the other expectation
values. For the expectation value of the quadrupole in the state
with v=0and J = 1, we find 0.4840 a.u., compared with the
experimental result of 0.4853 a.u.'”’

In Table VI, we list the vibrational averages of the inde-
pendent elements of B, C, E, and y for vibrational quantum
numbers v = 0 to 5 and J = 0. As before, the full numerical
results for v = 0-14 and J = 0-3 are given in the supple-
mentary material. In Tables V and VI, we also compare the
expectation value of each of the properties in the ground

TABLE V. CISD/D6Z rovibrationally averaged values (in a.u.) for ®, @, and
a tensors for v =0-5and J = 0.

v (€] [} Olxx Ozz

r=rg? 0.4823 0.3139 47308 6.7178

0 0.4828 0.3320 47336 6.7710
0.460(21)° 0.33282¢ 473934 6.763 24
0.4853¢ 0.3328" 4.729 43¢ 6.73543¢
0.48354" 0.3362(7)! 474057 6.769 99
0.483103¢ 0.338(3)% 4.7392! 6.7630!
0.483103f
0.48258™
0.4833(4)!
0.4842(4)k

1 0.5344 0.4535 5.050 1 7.5518
0.53515" 0.45453¢ 5.05594 7.54214
0.534664¢ 0.458(2)! 5.057 50 7.549 93
0.5351(3)!

2 0.5829 0.5914 5.3568 8.3473
0.58610" 0.59720°¢ 5.37821) 8.37631)
0.585513¢ 0.601(2)!
0.5855(3)!

3 0.6331 0.7560 5.6853 92227
0.63540" 0.767(3)! 5.701 62 9.242 151
0.6346(3)!

4 0.6840 0.9514 6.036 1 10.1774
0.68200" 6.02581) 10.136 741

5 0.7307 1.1713 6.3852 11.1467
0.72475" 6.349 04 11.045 143

4Values at rg = 1.449 a.u.

YReference 84: derived from experimental data.
“Reference 90.

dReference 111.

€Reference 197: experimental value forv=0,J=1.
fReference 72.

&Reference 115.

hReference 94.

iReference 92.

IReference 121.

KReference 93.

IReference 95.

MReference 71: CCSD/D5Z.
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vibrational state with the value at the vibrationally averaged
bond length rj in the ground vibrational state. For oy and O,
the differences are 0.06% and 0.10%, respectively. For o,
the difference is 0.79%. For the components of the C and B
tensors, the difference is typically between 1% and 2%, while
for the components of v, the differences fall between 2% and
3%. The largest differences are found for @ (5.45%), Ex xxx
(5.06%), and E; ;;, (6.35%). For all of the properties, however,
the value at rg provides a reasonable estimate of the vibrational
average.

The moments and susceptibilities computed in this work
are useful for computational work in collision-induced spec-
troscopy. Collision-induced dipoles A and polarizabilities Ao
obtained from ab initio calculations can be tested in part by
examining whether they converge to the known long-range
functional forms, as the separation R between collision part-
ners increases. For H; interacting with a collision partner such
as H,2324 inert gas atoms,25‘45 H2,12‘22 or other diatomics, the
properties evaluated in this work permit such tests over a wide
range of H-H distances.

For an Hy,—H; pair, a, ©®, @, and E determine the classi-
cal induction effects on A through order R~7 (Refs. 81, 198,
and 199). The dispersion effects through order R~7 depend on
integrals that contain a(iw) and B(0, iw) at imaginary frequen-
cies,"17+17% but they can be approximated from the static o
and B values and dispersion energy coefficients,! for H-H
distances where a(iw) and B(0, iw) are not yet available. The
isotropic polarizability and the quadrupole give the leading
quadrupolar induction contribution to Ay, which varies as R™#
(Ref. 198). Quadrupolar induction makes the dominant con-
tribution to the intensity of rotational transitions with AJ = +2
on one H, molecule and AJ = 0 on the other; it accounts for the
majority of the collision-induced absorption intensity, except
in the far wings of the absorption spectra.’~!1-2%0 Similarly,
the isotropic polarizability and the hexadecapole moment give
the leading classical induction contribution (of order R7%) to
the intensity of rotational transitions with AJ = +4 on one
H, molecule and AJ = 0 on the other.®! The anisotropy of
the polarizability, the quadrupole, and the second-rank com-
ponent of the E tensor contribute to the intensity of double
rotational transitions with AJ = +2 on both molecules.®' Dou-
ble transitions with AJ up to =4 on one molecule and AJ = +2
on the other may occur due to the anisotropic polarization
of one molecule by the hexadecapolar field of the other and
the response via the fourth-rank component of E to the non-
uniformity of the quadrupole field gradient.®! The anisotropy
of the potential also contributes to transitions with higher
AJ and the lower-order classical induction mechanisms.’~!!
Second-order induction effects on A tend to be smaller since
they vary as R~/ in the separation between the molecules, but
they are determined by the polarizability tensor components
and the quadrupole moment.?! For atoms interacting with Hy,
values for a, ©, and ® of H, are needed to determine the clas-
sical induction contributions to Au.3” The B tensor is needed
(in addition to a and the van der Waals energy coefficients)
to estimate the van der Waals dispersion dipole.®® The E ten-
sor is needed for A of diatomic molecules interacting with
diatomics,®! but not for the terms through order R~ in Ap for
atom-diatomic molecule interactions.
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TABLE VI. CISD/D6Z rovibrationally averaged values (in a.u.) for E, C, B, and vy tensors for v =0-5 and J = 0.

v EX,XXX EZ,ZZZ CXX,XX CZZ,ZZ CXZ,XZ BX,X,XX BZ,Z,ZZ BX,X,ZZ BX,Z,XZ YXXXX YZZZZ YXXZZ
r=rg —1.7738 4.4792 5.198 6.397 4.447 =71.49 -98.05 36.82 -63.57 628 750 231
0 —1.8683 4.7828 5.246 6.518 4512 -72.37 —-100.24 37.37 -64.76 641 773 237
1 -2.5117 6.6840 5914 7.660 5.211 -83.32 -120.27 43.47 -76.57 763 961 289
2 -3.2758 9.0004 6.611 8.932 5.968 -94.62 —141.16 49.92 -89.04 890 1185 345
3 —4.2376 11.9664 7.402 10.462 6.855 -107.19 —-164.09 57.27 -103.11 1034 1476 412
4 —5.4555 15.7660 8.305 12.318 7.905 -121.12 —-188.50 65.64 —-118.88 1196 1863 491
5 —6.9523 20.4599 9.289 14.495 9.100 -135.67 -211.96 74.71 —135.43 1369 2372 581

Intensities of isotropic collision-induced Rayleigh and
rototranslational Raman light scattering depend on the scalar
component Acg’ of the interaction-induced change in the
polarizability of the collision partners.'%!! Intensities of depo-
larized rototranslational Raman scattering depend on the
second-rank tensor components AayM of the interaction-
induced change in the polarizability.'>!! For interactions
between diatomic molecules, the classical induction effects
in both Aay” and Aa,M depend on o, E, and B;?1-27 static
values of a and vy are needed along with dispersion energy
coefficients to estimate the van der Waals dispersion contri-
butions to Acp® and AayM.208-210 The E-tensor mechanism
is the only one that gives rise to transitions with AJ = +4 in
the isotropic light scattering spectra of homonuclear diatomic
molecules, through order R0 (Ref. 206). The same tensors
are needed for the classical induction and dispersion contri-
butions to collision-induced light scattering intensities from
atoms interacting with diatomic molecules.?!!

VI. SUMMARY

We have completed a systematic study of the moments
and static susceptibilities of the hydrogen molecule, using the
large correlation-consistent basis set d-aug-cc-pV6Z and full
configuration interaction wave functions. We have tested the
results by repeating the calculations with 6s 6p 6d 3f 1g1h mid-
bond functions added to the d-aug-cc-pV6Z basis. Our results
for the leading charge moments ® and @ and the independent
components of the linear response tensors a, E, and C are
listed in Table III for the full range of H-H separations investi-
gated here, 0.567 a.u. to 10.0 a.u. The independent components
of the hyperpolarizabilities B and v are listed in Table IV. In
general, our results agree well with earlier, highly accurate cal-
culations for the H-H separations treated in common: For o,
we find an average difference between the Mathematica inter-
polations of our values and Rychlewski’s'?! of 0.093% and a
smaller difference of 0.071% with the values of Raj ef al.'*¢
For o, the average absolute value of the difference is even
smaller, 0.062% vs. Ref. 121 and 0.022% vs. Ref. 146. Differ-
ences from earlier results are most noticeable for the B tensor
components By xxx and By, x, and for the hyperpolarizabil-
ity component yxxxx i the range of r values from ~3.0 a.u.
out to 6.0 a.u., where the earlier calculations ended. We have
provided the first accurate ab initio results for ® and © for r
> 7.0 a.u., for B and y for r > 6.0 a.u., and for C and E for
any separations r outside a narrow range around the potential
minimum. We have also demonstrated that the components of

a, B, and y approach twice the single-atom values as the sep-
aration r between the nuclei increases; so those properties are
size-consistent in this treatment. The quadrupole ® and hex-
adecapole @ tend to zero as r increases, as expected. We have
proven that the quadrupole-polarizability C and the dipole-
octopole polarizability E diverge as the separation between
the nuclei increases. In Tables S4-S6, we have provided the
expectation values of the moments and susceptibilities for all
of the bound vibrational levels of H, (i.e., up to vibrational
quantum number v = 14) and rotational quantum numbers
J = 0-3. The expectation values in the ground vibrational
and rotational state generally compare well with the values
at the vibrationally averaged bond length ry. The differences
are largest (at ~5%-7%) for ® and E, ~1%-3% for C, B, and
v, and less than 1% for ® and a. (in fact, substantially less than
1% for ® and oiyy).

The moments and susceptibilities of H given in this work
determine long-range induction effects on dipole moments and
polarizabilities, for an H, molecule with a variable H-H sep-
aration colliding with another H, molecule, an H atom, or an
inert gas atom. In combination with the dispersion energy coef-
ficients, the results will yield an estimate of the van der Waals
dispersion terms in Ap and Aa. The results permit a useful
test of ab initio calculations of collision-induced properties
that are used to model collision-induced absorption spectra
and interaction-induced Rayleigh and Raman light scattering
spectra. For well-separated pairs of molecules, the ab initio
results should converge to the known long-range functional
forms (which depend on the properties given in this work).
The results of this work are sufficient to generate vibrational
transition matrix elements of properties between moderately
high vibrational states (up to v = 8), as needed for astrophys-

ical modeling of the radiative profiles of cool white dwarf
stars,9-212-220

SUPPLEMENTARY MATERIAL

The supplementary material includes a plot of the Kerr
coefficients v;¥°™ and v, X" in the static limit as functions
of the H-H separation r from this work, compared with the
results of Bishop and Lam.!? A brief summary of the molec-
ular beam method used by Nelissen, Reuss, and Dymanus
to determine the polarizability anisotropy is also provided. '
Table S1 lists the values of the energy, ©, @, oy, 0z, Ex xxx>
E; z22- Cxx.xx> Crz.22, and Cx, ., for H, obtained with the d-aug-
cc-pVOZ basis, augmented by 6s 6p 6d 3f 1g 1h mid-bond
functions'**!1°! for 17 values of r between 1.787 a.u. and 7.000
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a.u. Over the same range of r values and with the same basis
(including the mid-bond functions), values of By x xx, B2z
By xzz> Bxzxzs Yxxxxs Yzzzz» and Yxzx, are listed in Table S2.
Table S3 lists the values of the energy of H, at ryp and r, and
compares with literature values for the minimum of the poten-
tial. The energies and expectation values of ®, @, oxx, 0,
Ex xxx» and E; ,,, are listed in Table S4 for the full range of
vibrational quantum numbers v = 0-14, with rotational quan-
tum numbers J = 0-3. Table S5 lists the expectation values of
CZZ,ZZ’ Cxx,xx’ sz,xz, Bx,z,xp Bx,x,zp Bx,x,xm and BZ,Z,ZZ for the
same range of rovibrational states, v = 0-14, J = 0-3. Table S6
similarly lists the expectation values of the independent com-
ponents of v, Yxxxx» Yzzzz» and Yxxzz. The h2.zip file contains
separate files for the rovibrational wave functions of each (v,
J) pair.
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