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Scalings of Alfvén-cyclotron and ion Bernstein instabilities
on temperature anisotropy of a ring-like velocity
distribution in the inner magnetosphere
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"Department of Physics, Auburn University, Auburn, Alabama, USA, 2Space Science Institute, Boulder, Colorado, USA

Abstract A ring-like proton velocity distribution with df,(v,)/dv, >0 and which is sufficiently anisotropic
can excite two distinct types of growing modes in the inner magnetosphere: ion Bernstein instabilities with
multiple ion cyclotron harmonics and quasi-perpendicular propagation and an Alfvén-cyclotron instability
at frequencies below the proton cyclotron frequency and quasi-parallel propagation. Recent particle-in-cell
simulations have demonstrated that even if the maximum linear growth rate of the latter instability is
smaller than the corresponding growth of the former instability, the saturation levels of the fluctuating
magnetic fields can be greater for the Alfvén-cyclotron instability than for the ion Bernstein instabilities. In
this study, linear dispersion theory and two-dimensional particle-in-cell simulations are used to examine
scalings of the linear growth rate and saturation level of the two types of growing modes as functions of
the temperature anisotropy T, /T, for a general ring-like proton distribution with a fixed ring speed of 2v,,
where v, is the Alfvén speed. For the proton distribution parameters chosen, the maximum linear theory
growth rate of the Alfvén-cyclotron waves is smaller than that of the fastest-growing Bernstein mode for
the wide range of anisotropies (1 < T, /T, < 7) considered here. Yet the corresponding particle-in-cell
simulations yield a higher saturation level of the fluctuating magnetic fields for the Alfvén-cyclotron
instability than for the Bernstein modes as long as T, /T,, 2 3. Since fast magnetosonic waves with

ion Bernstein instability properties observed in the magnetosphere are often not accompanied by
electromagnetic ion cyclotron waves, the results of the present study indicate that the ring-like proton
distributions responsible for the excitation of these fast magnetosonic waves should not be very
anisotropic.

1. Introduction

Two classes of enhanced fluctuations frequently observed in the inner magnetosphere with frequency on the
order of Q,, the proton cyclotron frequency, are electromagnetic ion cyclotron (EMIC) waves and fast magne-
tosonic waves [e.g., Anderson et al., 1992; Meredith et al., 2008], which have as their source Alfvén-cyclotron and
ion Bernstein instabilities, respectively [e.g., Gary et al., 2010, 2012]. Both types of waves are driven by inter-
actions with ring current ions, but their sources of free energy, properties, and effects on the plasma medium
are substantially different.

Alfvén-cyclotron instabilities are excited by anisotropic distributions (T, /T, > 1) of injected energetic ring
current ions and have maximum instability growth rate at k x B, = 0 [e.g., Cornwall, 1965; Chen et al., 2010a],
where kis the wave number and By, is the background magnetic field and T, and T, are temperatures, respec-
tively, perpendicular and parallel to B,. The enhanced magnetic fluctuations from these growing modes are
predominantly left-hand polarized and can lead to precipitation of energetic ring current ions and relativistic
radiation belt electrons through pitch angle scattering [e.g., Thorne, 2010].

lon Bernstein instabilities, on the other hand, are excited by proton velocity distributions with of,(v,)/dv, >0
[e.g., Perraut et al., 1982; McClements et al., 1994; Horne et al., 2000; Gary et al., 2011; Balikhin et al., 2015] formed
by energy-dependent drift of the injected ring current ions [Chen et al., 2010a, 2010b]. These instabilities
can be driven both by isotropic velocity shell distributions [e.g., Gary et al., 2010] and by anisotropic ring-like
velocity distributions [e.g., McClements et al., 1994]. The resulting enhanced fluctuations often exhibit dis-
tinct proton cyclotron harmonic dispersion [e.g., Balikhin et al., 2015], have their maximum growth rates at
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propagation quasi-perpendicular to By, and are characterized with |68, /6B| ~ 1 and |6E, /SE| ~ 1 [Denton
etal,2010; Garyetal., 2010, 2011; Min and Liu, 2015a], where 5E and 6B are electric and magnetic field fluctu-
ations, respectively, and 6E, = 6E - k/|k|. Fast magnetosonic waves not only lead to scattering of background
and ring currentions in the perpendicular velocity component but also play a role in the acceleration to rela-
tivistic energies of radiation belt electrons and in the detrapping of such electrons [Horne et al., 2007; Bortnik
and Thorne, 2010; Chen et al., 2015].

A sufficiently anisotropic ring-like proton velocity distribution can be unstable to both the ion Bernstein and
Alfvén-cyclotron instabilities. Min and Liu [2016] (referred to as paper 1 hereinafter) performed comprehen-
sive analyses of both instabilities simultaneously driven by ring velocity distributions using linear dispersion
theory and two-dimensional electromagnetic particle-in-cell (PIC) simulations. For the proton ring velocity
distributions considered in paper 1, although the maximum linear theory growth rate of the Alfvén-cyclotron
instability was consistently smaller than the theoretical growth rate of the fastest-growing Bernstein mode,
the PIC simulations consistently yielded larger saturation amplitudes for the Alfvén-cyclotron instability. In
one case examined therein, the maximum growth rate of the Alfvén-cyclotron instability is smaller by a factor
of 3 than that of the ion Bernstein instability, and yet the saturation level of the former waves is larger at least
by an order of magnitude.

There is an abundant literature on the frequent magnetospheric observations of fast magnetosonic waves
[Santolik et al., 2004; Némec et al., 2005, 2006, 2013; Meredith et al., 2008; Ma et al., 2013; Boardsen et al., 2014;
Zhou et al., 2014; Hrbd¢kovd et al., 2015; Xiao et al., 2015] and EMIC waves [Anderson et al., 1992; Fraser and
Nguyen, 2001; Fraser et al., 2010; Halford et al., 2010; Clausen et al., 2011; Usanova et al., 2012; Min et al., 2012;
Allen et al., 2015; Saikin et al., 2015]. However, to our knowledge, there have been few reports on the simulta-
neous observation of EMIC and fast magnetosonic waves [cf. Rodger et al., 2015, Figures 1 and 2]. Posch et al.
[2015] recently presented a survey of the low-frequency (~ €,) fast magnetosonic waves. Although they did
not explicitly examine the EMIC waves in association with the fast magnetosonic waves, their figures of electric
and magnetic field wave spectra of the selected events do not suggest substantial EMIC wave power compa-
rable to fast magnetosonic wave power. In fact, of the entire events of the fast magnetosonic waves identified
from electric and magnetic field data over the first full local time precession of both Van Allen Probes [Mauk
etal., 2013], only one event was approximately accompanied by weak EMIC waves (M. J. Engebretson, E-mail
discussions about the statistical probability of the simultaneous occurrences of EMIC and fast magnetosonic
waves, private communication, 2015). Thus, the ring-like velocity distributions associated with fast magne-
tosonic waves in the inner magnetosphere [Meredith et al., 2008; Ma et al., 2013] should be more isotropic than
the ring distributions analyzed in paper 1.

The goal of the present study is to investigate how the linear growth and nonlinear saturation of
Alfvén-cyclotron and ion Bernstein instabilities driven by a proton ring-like velocity distribution vary with the
temperature anisotropy of that distribution. In particular, this study aims to determine the critical anisotropy
for the two instabilities to saturate at the same level. This critical anisotropy should represent an upper
anisotropy limit of the proton ring-like distributions responsible for the observed fast magnetosonic waves
in the magnetosphere which are often not accompanied by EMIC waves. The paper is organized as follows.
Section 2 describes the two-component proton velocity distribution, some basic information of the lin-
ear analyses, and the setup of the PIC simulations. Section 3 presents the results, and section 4 concludes
the paper.

Following paper 1, we denote the jth species plasma frequency as w; = | /4xn;e? /my, the jth species cyclotron
frequency as & = e;B,/m;c, and the jth component beta as f; = 87ijj/B(2) and /Z = 87m0Tj/B(2). The Alfvén
speed is v, = B,/4/4znym,, the proton inertial length is A, = /m,c?/4znye?, and the lower hybrid fre-
quency is my, = w,/4/1+ @2 /Q2. Here n, is equal to the unperturbed electron density n,. Also, we adopt the
reduced proton-to-electron mass ratio of m,/m, = 100 and the relatively small light-to-Alfvén speed ratio
of ¢/v, = 15 to make the computational cost of the PIC simulations affordable. These reduced parameters

reduce the lower hybrid frequency oy, ~ 8.3Q, and thereby the number of harmonics of fast magnetosonic
waves.
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2. Methodology

In order to effectively examine the instability scaling on the temperature anisotropy of the ring-like proton
velocity distribution, a base distribution function has been constructed so that its anisotropy can be freely
adjusted while other parameters are held constant. The base distribution function used is

U .
0= e sla, 0
j

which we label “partial shell” distribution. Here a is the pitch angle,v = 4 /vi +v2

Vi and 0; are jth component’s
shell speed and thermal spread of the shell, respectively, 6; > 0 is jth component’s degree of anisotropy, and

jth component’s normalization constant is

Ty v . (1 +0,/2)
Cf—[anp<_a_f>+ ”<§+E (1 +erfiv;/6)) T(5+0,/2)

J

where I'(x) = /0°° t*~e~tdt is the Euler gamma function [Arfken, 1985, chap. 10] and erf(x) = 2/\/;foxe"2dt
is the error function [Arfken, 1985, pp. 568-569]. We define the effective parallel and perpendicular tempera-
tures [Gary, 1993, pp. 3-4] of the jth component as

T, = Ty vfdivandT,, = o v2fdiv ()]
”/_nj i L= o 17 :

Then jth component’s temperature anisotropy is simply

E_aj+2 3)
Ty 2

Note for v; > 0 and o; = 0 that equation (1) represents the isotropic shell velocity distribution used in Liu et al.
[2011] and Min and Liu [2015a, 2015b]. For sufficiently large o; the distribution peaks at v/, = 0 and becomes
close to the ring distribution used in paper 1.

As in paper 1, we consider a two-component proton velocity distribution of the form f,(v) = fy,(v,a) +
f,(v, @), where each component is represented by equation (1). The first component f,, represents a thermal
Maxwellian proton background with vy, = o,y = 0 and ), = 62, /v2 = 0.002 in equation (1). The second com-
ponent f, represents the partial shell proton velocity distribution (i.e., v, > 0) with Gf/vj = 0.2. We choose
v,/vy = 2and n,/n, = 0.1 because, as suggested by paper 1, these parameters should result in unstable
Bernstein modes across all harmonics and sufficiently large instability growth rates to simulate the two types
of waves within reasonable computational times. Additionally, electrons are represented by a Maxwellian with
B. = By- In the present study, the only parameter allowed to vary is 6,, which effectively controls the temper-
ature anisotropy of the partial shell protons, T, /7)., through equation (3). As listed in Table 1, a wide range
of o, values between 0 and 12 (correspondingly 1 < T, /T, < 7) are considered for our linear analyses and
PIC simulations discussed in the next section.

Since the dispersion solver [Min and Liu, 2015b] to be used is based on ring beam velocity distributions and
does not directly accept the partial shell distribution, f,, of equation (1), we approximate f, with multiple ring
beam distributions as follows [Min and Liu, 2015b]:

N+1

2 2
w3 ,r/"—'gA,e<> 19 () 192, @
= r

where v =vcosa, v, =vsing, v(’“ = v, cos(lAg), v, = v, sin(lA¢), and

A =exp (—vf,/@f) +7 (vﬁq,/&,) (1 +erf (vﬁq,/&,)) and
N+1

0 =Asin(IAG)/ Y A sin (kAg).
k=—1
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Table 1. Parameters of Two-Component Proton Distribution? and Summary of Linear Analyses Results

o Ti/Ty v o i /Q, khCA,  whC w'8/Q, KB 4, k"?map PIC
0 1 2.024 0 0.464 +4.85-107% 147  70° 294+00788i 33 0.1 0
0.5 1.25 2024 0451 0.445+252-1073 139  70° 296+0.0910i  3.35 0.07 X
1 15 2024 1004 0416+582-1073 128  70°  2.97+0.104i 337 0.04 0
15 1.75 2024  1.560 0.341 +0.0122i 0.41 0° 2.97 +0.115i 337 <001 X
2 2 2024 212 0.363 + 0.0216/ 0443  0° 2.96 +0.123i 336 <001 O
3 25 2023 3313 0.385 + 0.0352/ 0.47 0° 2.96 + 0.134i 334 <001 O
4 3 2022 456 0.410 + 0.0452i 0.51 0° 2.95 +0.139i 332 <001 O
5 35 2021 588 0.438 + 0.0545/ 0565 0° 2.94 4 0.142i 33 <001 O
6 4 2021  7.275 0.453 + 0.0629i 0.59 0° 2.94 4 0.143j 329 <001 O
7 45 2020 875 0.462 + 0.0700i 0605 0° 2.94 4 0.144i 328 <001 X
8 5 2019 10315 0.472 +0.0759i 0.62 0° 2.94 4 0.144i 327 <001 X
9 55 2018  11.981 0.479 + 0.0809i 0.63 0° 2.93 4 0.144i 326 <001 O
10 6 2017 13.752 0.486 + 0.0851i 0.64 0° 2.93 + 0.144i 326 <001 X
11 6.5 2016 15644 0.493 + 0.0887i 0.65 0° 8.78+0.145  6.58 1.7 X
12 7 2015 17.668 0.500 + 0.0917i 0.665 0° 876+0.149i  6.54 1.7 0

2All other parameters fixed are 62 /va = 0.2, f, = fy = 0.002, n,/n, = 0.1,and ny /n, = 0.9.

Here A, is the normalization constant for /th component’s ring beam distribution function (the term inside the
summation in equation (4)) and 5, represents contribution of the /th ring beam component such that ), 7, = 1.
For fixed N = 12, we get A¢p = 180°/N = 15°; the choice of N is empirical to make a smooth pitch angle
profile of the approximate f, [e.g., Min and Liu, 2015b, Figure 1]. The values v/ and ¢/ are chosen to minimize
the visual difference between exact and approximate f, contour plots and the difference between exact and
approximate T,,/T,,; minimizing the latter difference is particularly important because the Alfvén-cyclotron
instability is directly related to the temperature anisotropy [e.g., Kennel and Petschek, 1966]. The approximate
T,,/T,, is obtained from the ratio of the perpendicular-to-parallel second velocity moments (vi)/(Zvﬁ) (using
equation (2)) of the approximate f, of equation (4). Table 1 lists the v/ and o] values determined manually;
in all cases the relative differences of the exact and approximate T,, /T, are less than 1073, Figure 1 displays
comparison of contours of the exact (solid gray) and approximate (dashed red) f, for o, = 1,6, and 12, showing
the two to be nearly identical.

For the selected cases as marked in Table 1 by circle in the last column, we carry out two-dimensional electro-
magnetic PIC simulations using the same code and the same setup as in paper 1, except that now energetic
protons are initialized to have the partial shell distribution of equation (1) and that 10 times fewer simulation
particles per species/component are used to decrease computational times. Compared with the simulations
in paper 1, the fewer number of simulation particles leads to slightly higher thermal noise but does not
obscure the main physics phenomena presented here. The simulation domain is contained in the x-y plane
with the uniform background magnetic field B, along the x direction, and periodic boundary conditions
are used in both dimensions. We choose the simulation sizes L, =1204, and L, =484, the number of cells
N, = N, = 960, and the number of simulation particles per cell and component/species N, =250.The reduced

(c) o:=12.
T —
< 2.0 2.0 2.0 (&)
2 75 15 15 &
> 10 1.0 1.0
0.5 0.5 0.5
3-2-101 2 3 3-2-101 2 3 3-2-10 1 2 3

V||/VA

Figure 1. Comparison of the exact (equation (1)) and approximate (equation (4)) partial shell velocity distributions for
o,=1,6and 12.

MIN ET AL.

PROTON SHELL-DRIVEN INSTABILITIES 2188



@AG U Journal of Geophysical Research: Space Physics 10.1002/2015JA022134

(a) AC Growth Rate m,/m, = 100 and rather small ¢/v, = 15 enable
a reasonably large simulation time step of
At =0.001 Q;V In the rest of the paper, the total
fluctuating field energy density is denoted by
e = (6E2 + 6B%)/8x.

0.125

. 3. Results
02 04 06 08 1. 12 14 16 18 2. 0100
kAp

We first describe the case of 6, = 6 (correspond-
ingly T,,/T,,, = 4). Figure 2 displays the linear
(b) IB Growth Rate 0050 growth rates from the dispersion solver (using

235 0025 the approximate partial shell of equation (4)). We
2. computed the complex frequency w = w, + iy
:: 15 in w-k space for the Alfvén-cyclotron (AC) insta-
1. bility (same as in paper 1), but in k -k, space
0.5 5 for the ion Bernstein (IB) instability, where y is
0.
2

5 10 20 the wave normal angle. The reason for the latter
P choice is that the complex growth rate pattern is
o betterorganizedin k; -k, space as o, approaches

Figure 2. Linear theory growth rate corresponding to the zero [cf. Min and Liu, 2015b, Figure 7] probably
(top) Alfvén-cyclotron and (bottom) ion Bernstein instabilities related to the wave-proton resonant condition.

for 6, = 6 (equivalently T, ,/T,, = 4). The solid dots are located . . .
r=6(eq YT/ T =4 o - In addition, since the IB modes can have multiple

at the maximum growth rates for the respective instabilities

(see Table 1). dispersion surfaces at different frequencies, we

have chosen the maximum growth rate among
all dispersion surfaces at given (k;|, k, ) to produce Figure 2b. The sharp contrast of color intensity between the
two panels readily indicates that the growth rates of the AC instability are generally much lower than those
of the IB instability. The maximum growth rates of the AC and IB instabilities are, respectively, y,‘r‘f ~ 0.063Q,
and yr'g ~ 0.143Q,, (the third harmonic); the locations of the maximum growing modes are marked with the
solid dots in the figure.

0.075

o

The PIC simulation results for the case of o, = 6 are shown in Figure 3. Figure 3a displays the time evolution
of the simulated field energy density. Also shown in paper 1, the two distinct local maxima are apparent due to
the well-separated saturation times of the two instabilities, the first of which corresponds to the IB instability
and the second to the AC instability. We label the times at which the two local maxima occur as t'® and tA¢
and the corresponding total field energy densities as £'® and £, respectively. For this nominal case, €A is
slightly larger than £'®. Figures 3b and 3c display snapshots of the electric (left) and magnetic (right) field
power spectra in wave number space att = 339;1 and 1509;1, respectively, which not only verify the linear
growth rates shown in Figure 2 but also present two different instabilities contributing to the two local maxima
of the field energy density. The snapshots have been taken during the linear growth phases of IB and AC
instabilities at times earlier than t'® and t", respectively, to demonstrate better agreement of the simulated
fluctuations with the linear theory growth rate contours.

We have performed similar linear analyses and PIC simulations for the o, values in Table 1. Figure 4 compares
(top) the maximum growth rates from linear theory, (middle) the saturation levels of the field energy density
from the simulations as a function of ¢,, and (bottom) the saturation levels as a function of the saturation time.
Both y,’r*f and y,'r? are an increasing function of ¢,, which can be understood as follows. As o, increases, protons
initially uniform in pitch angle space are being concentrated around v = 0 and v, = v,, and therefore, there
is more free energy available for both instabilities to grow. Unlike yfr\]c that exhibits a monotonicincrease, there
exists a plateau in yr'r? intherangeof 6 < ¢, < 11.

Note the inequality y,f >3/,‘j7C for all o, values considered. As shown in paper 1, this relation holds for the
anisotropy of the ring protons as large as T, /T, = 21.3 (corresponding to ¢, = 40.6 in the present study).
The saturation levels of the field energy density are also an increasing function of 6,, but €A has steeper slopes
for 6, > 2 while '® remains relatively constant. From the figure, the critical anisotropy at which eA¢ ~ €8 is
T1,/Ty, = 3 (or 6, ~ 4). Note that one data point of £ is missing for 5, = 0 because the distribution is fully
isotropic and, therefore, stable to the AC instability. In addition, the second peak in the field energy evolution
corresponding to AC instability for 6, = 1 was just above the background noise level (not shown). Also related
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————— 6E% ------ 6B2 —— OE2+6B?

£AC
0 100 200 300 400
tQ,
(c) log1o(6B?/B3) at tQ,=150
25
2.
1.5 >
1. X<
0.5
‘ —— ‘ - 0.
012345678910
W kiAo
R —— EETS .
0 1 2 3 1 2 3 4 5 6

Figure 3. Summary of the PIC simulation results corresponding to the partial shell distribution with ¢, = 6. (a) Time
evolution of the electric (red dashed), magnetic (blue dash-dotted), and total (solid) field energy density normalized to
Bg/87r. The first local maximum of the total energy density corresponds to the saturation of the ion Bernstein instability
and the second local maximum to the Alfvén-cyclotron instability. (b) Simulated electric field power spectrum at

t= 33&2;1 showing the quasi-electrostatic ion Bernstein waves. (c) Simulated magnetic field power spectrum at

t= 1509;1 showing the strongly electromagnetic Alfvén-cyclotron waves. The dashed and solid contours in Figures 3b
and 3c delineate the growth rates of y = 0.04Q,, and 0.09Q,, from linear theory, respectively.

to o, are t" and t'® which, as shown in Figure 4 (bottom), appear to be linearly correlated with the logarithms
of ¢A¢ and '8, respectively (see the linear fits in the figure).

Thelinear theory results at the maximum growth rates are listed in Table 1. First to note is u/,f‘f ~70°at kﬁfip >1
for o, < 1. This oblique AC mode was extensively investigated by Denton et al. [1992] using a loss cone proton
distribution; they suggested that the oblique AC modes can be an alternative explanation for linearly polarized
EMIC waves observed in the inner magnetosphere. The wave normal angle and wave number obtained here
are consistent with theirs.

Second, when the partial shell proton distribution is close to an isotropic shell with o, < 1.5, 1//,'75 =
tan™’ (kfm/k:'?m) is not exactly, although close to, 90°. This was also shown by Min and Liu [2015b] (Figure 7
therein) and can be understood from the results of Chen [2015]. In a homogeneous, nondrifting plasma with
a uniform background magnetic field B, (which has been assumed throughout), if k|, = 0, the wave-particle
interactions are independent of the v| properties of the particle velocity distributions. The effective positive
slope of the reduced proton v, distribution determines the growth rate of the perpendicular propagating
waves [Chen, 2015, equation (6)]. On the other hand, as the wave normal angle y decreases from 90°, the
waves have a propagation component along B, (i.e., k; # 0) and primarily interact with protons around the
cyclotron resonant speeds of v, = (@, — u€,)/k), ~ 0 [Chen, 2015, Figure 3]. So the magnitude of the pos-
itive slope of the partial shell around v ~ 0 determines the wave growth rates. Since the effective positive
slope of the reduced proton v, distribution is smaller than the local slope around v, ~ 0 for a nearly isotropic
partial shell distribution, the growth rate of the perpendicularly propagating IB mode is smaller than that of
the quasi-perpendicularly propagating mode. However, the situation becomes different for a ring velocity dis-
tribution used in paper 1 or for a partial shell distribution with sufficiently large o, (e.g., Figure 1c), for which
the proton phase space density concentrates around v|; ~ 0. Then the effective positive slope of the reduced
proton v, distribution can become larger than the local slope at v, ~ 0.
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Tl Tyr Finally, 1//,'5 approaches 90° for o, 2 1.5 (the

1 2 3 4 5 6 7 inequality “<” in the table is because the minimum

015 k; used for root finding in our linear theory anal-

010 .y yses was 0‘01/1;1). At the same time, the growth

g ‘ e rate of the IB modes at w ~ 75° (the continuous
>

part in Figure 2b) intensifies as the distribution
becomes more anisotropic (see supporting infor-
0.000 mation). Consequently, u/'mB exhibits the sudden

shift to ~ 75° for o, 2 11, which may explain the
plateau ofy,'r? intherangeof 6 < 0, < 11inFigure4

N
N
w
IN
o
o
~

0.10 (top). Itis interesting to note that 1//,'7‘? ~ 74° for pro-
& 0.08 ] ton model 1 in paper 1 (Figure 1 therein), which is
& 0.06 . c  effectively equivalent to a partial shell distribution

with o, ~ 40 in the present study.

0.02
0.00% 4, Conclusions
Linear dispersion analyses and two-dimensional
05; electromagnetic PIC simulations have been per-
§ ’ formed to study the linear growth and nonlinear
Tff saturation of EMIC and fast magnetosonic waves,
g 0.10 which have as their source the Alfvén-cyclotron
o
= 005 (AC) and ion Bernstein (IB) instabilities, respectively,
0 driven by a proton partial shell velocity distribu-

tion. The scaling of the two instabilities on the

temperature anisotropy of the partial shell proton

Figure 4. (top) Scalings of the maximum growth rates from distributi . . -
istribution, T,,/T,,, is examined by varying the
linear analyses, (middle) the saturation levels from PIC 1/ I y ying

simulations for the selected o, values, and (bottom) ar?lsotropy but W!th other parameters fixed. For tbe
relationship between the saturation levels and the saturation Wide range of anisotropy (1 < T,,/T,, < 7) consid-
times. The blue (orange) curves with solid circles (squares) ered, the maximum growth rate of the IB instability
correspond to the Alfvén-cyclotron (ion Bernstein) instability. s always larger than that of the AC instability. Yet
The dashed lines in F'gure.4 (b_Ottom,)_?re linear fits to the the latter waves saturate at a larger level as long as
data points for the respective instabilities. . .

T, /T 2 3. The reason is that the increase of

T,,/T) corresponds to a substantial increase in the
free energy available for the AC instability, whereas the increase of the free energy for the IB instability is
relatively small (note that the shell speed and the thermal spread of the shell are fixed).

Observations of fast magnetosonic waves are often not accompanied by EMIC waves as discussed in section 1.
This suggests that the temperature anisotropy of the proton ring-like distributions associated with the former
waves should not be large enough to excite substantial EMIC waves. In the present study, we have varied
the effective temperature anisotropy of the partial shell protons but kept the other parameters of the proton
ring-like distributions fixed. The results above indicate that if the ring-like proton distributions driving these
fast magnetosonic waves have parameters similar to those fixed here, they should be close to isotropic shell
distributions with the partial shell proton anisotropy less than 3. This critical temperature anisotropy may
vary with the ring speed, the ring thermal speed, and/or the ring density which have been fixed. Further
investigation of the dependence on these parameters will be left as a future study.

The fact that a larger linear growth rate does not always correspond to a larger wave saturation amplitude
as revealed in the present study serves as a reminder of the limitations of linear theory. One needs to be
cautious when comparing linear growth rates with observed wave spectra because they are, although closely
related, two different entities. Note that the different saturation levels of the different modes in the simulations
discussed are related to their different free energy sources and different amounts of free energy available.
They are not caused by the different background noise levels at different frequencies in the simulations. As
noted in Liu et al. [2011], runs with fewer simulation particles per cell are supposed to have higher noise levels
but still yield the same saturation levels for the enhanced waves as long as they saturate well above the noise
levels.
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Finally, from a general space plasma physics point of view, observations often show that broadband turbu-
lence amplitudes typically decrease as wave frequencies increase and wavelengths decrease, whereas linear
dispersion theory predicts that kinetic instability growth rates generally increase with increasing frequencies
and decreasing wavelengths [e.g., Gary, 1993]. A simple physical picture is that lower frequency waves corre-
spond to greater inertia and therefore have the potential to yield greater fluctuation energy but slower growth
rates. In this picture, then, it is not surprising that the Alfvén-cyclotron instability yields larger amplitude
fluctuations even though ion Bernstein instabilities may have faster growth rates.
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